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BH: Continuous Functions of One Real Variable

The concept of continuity is one of the most important and also one of
the most fascinating ideas in all of mzithematics. Before we give a precise
technical definition of continuity, we shall briefly discuss the concept in an

informal and intuitive way to éive the reader a feeling for its meaning.

Roughly speaking the situation is this: Suppose a function fhas the value
f(p) at a certain point p. Then f'is said to be continuous at p if at every
nearby point x the function value f'('x ) is close to f( p ). Another way of
putting it is as follows: If we let x move toward p, we want the
corresponding function value f('x ) to become arbitrarily close to f(p ),
regardless of the manner in which x approaches p. We do not want sudden
jumps in the values of a continuous function.
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Consider the graph of the function f'defined by the equation f (x ) =

x—[ x ], where [ x ] denotes the greatest integer < x . At each integer we

have what is known a jump discontinuity. For example, /(2 ) =0 ,but as x
approaches 2 from the left,  f(x ) approaches the value /, which is not
equal to /(2 ).Therefore we have a discontinuity at 2. Note that f'('x ) does
approach f( 2 ) if we let x approach 2 from the right, but this by itself is not
enough to establish continuity at 2. In case like this, the function is called
continuous from the right at 2 and discontinuous from the left at 2.
Continuity at a point requires both continuity from the left and from the
right.

In the early development of calculus almostrall functions that were dealt
with were continuous and there was no real need at that time for a
penetrating look into the exact meaning of continuity. It was not until late
in the 18" century that discontinuous functions began appearing in
connection with various kinds of physical problems. In particular, the work
of J.B.J. Fourier (1758-1830) on the theory of heat forced mathematicians
in the early 19" century to examine more carefully the exact meaning of the

word “continuity”.

A satisfactory mathematical definition of continuity, expressed entirely
in terms of properties of the real number system, was first formulated in
1821 by the French mathematician, Augustin-Louis Cauchy (1789-1857).
His definition, which is still used today, is most easily explained in terms of
the limit concept to which we turn now,

The definition of the limit of ‘@ function. (omitted)
The definition of continuity of a function.

In the definition of limit we made no assertion about the behavior of fat
the point p itself. Moreover, even if f'is defined at p, its value there need
not be equal to the limit 4. However, if it happens that fis defined at p and
if it also happens that /' (p ) = 4, then we say the function fis continuous at
p. In other words, we have the following definition.
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Definition of continuity of a function at a point.

A function fis said to be continuous at a point p if
(a) f isdefinedatp, and(b) f(x) - Aasx—>p

This definition can also be formulated in term of neighborhoods. A
function f'is continuous at p if for every neighborhood N; ( f{(p)) there is a
neighborhood N, (p) such that

f(x) e N;(f(p) whenever x € Nj-(.b).

In the €-0 terminology , where we specify the radii of the neighborhoods,

the definition of continuity can be restated ad follows:
Function f'is continuous at p if for every €> 0 ,there is a > 0 such that

If(x)—f(p)|< € whenever |x —p|< O

(omitted)
Vocabulary
intuitive  [EXLAY _cjump discontinuity BkERTIE
formulate AR ERR, ER terminology RiB3
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